We study some general properties of two black hole solutions in Einstein's conformal gravity. Both solutions can be obtained from the Kerr metric with a suitable conformal rescaling, which leads, respectively, to a regular and a singular spacetime. In addition to the mass M and the spin angular momentum J of the black hole, these solutions are characterized by a new parameter, L, which may be expected to be of the order of the black hole mass. We study the geodesic motion and we calculate the radiative efficiency of a putative accretion disk around these black holes, which allows us to get an estimate of an upper bound on the value of L. Lastly, we explore the possibility of "destroying" the event horizon of these black holes. Within our approach, we are not able to destroy the event horizon of the regular black hole solution, while we can in the case of the singular one.
I. INTRODUCTION
Conformal invariance is an appealing proposal to solve spacetime singularities in Einstein's gravity [1] [2] [3] [4] . In conformal gravity, the theory is invariant under a conformal transformation of the metric tensor g µν g µν →ĝ µν = S g µν ,
where S = S(x) is a function of the spacetime point. Conformal gravity can solve the problem of spacetime singularities (before and after the symmetry breaking) by finding a suitable conformal transformation S that removes the singularity and by interpreting the metriĉ g µν as the physical metric of the spacetime. Einstein's gravity is not conformally invariant, but it can be made conformally invariant, for instance by introducing an auxiliary field [1] [2] [3] [4] . An examples of conformal theory of gravity in four dimensions is [5] 
where φ is an auxiliary scalar field (dilaton). In our case, we are not interested in a particular model, but we just require the theory to be invariant under the transformation (1) 1 . While the theory is invariant under conformal transformations, a Higgs-like mechanism may choose one of the metric as the "physical" solution to describe the spacetime [11] . The world around us is not conformally invariant and therefore, if conformal invariance is a fundamental symmetry of the spacetime, it should be broken, and one of the possibilities is that it is spontaneously broken.
In Ref. [11] , two of us found a singularity-free rotating black hole solution conformally equivalent to the Kerr metric. In Boyer-Lindquist coordinates, the line element reads
where Σ = r 2 + a 2 cos 2 θ and L > 0 is a new parameter with dimensions of a length. It is natural to expect that L is either of the order of the Planck length, L ∼ L Pl , or of the order of the black hole mass, L ∼ M , because these are the only two scales already present in the model. In this paper, we consider the second scenario with L of the order of M , because it is the only one with observational implications for astrophysical black holes. ds 2 Kerr is the line element of the Kerr metric
a = J/M is the rotational parameter (the dimensionless spin parameter is a * = a/M ) and ∆ = r 2 − 2M r + a 2 .
In the present paper, we are not interested in the singularity problem, and we want to study the properties of rescaled metrics with different conformal factors. So we also include another conformally rescaled black hole solution which is still singular after the transformation arXiv:1805.00640v2 [gr-qc] 22 Jun 2018 and whose line element reads
Both the metrics in Eqs. (3) and (5) are black hole solutions in the large family of Einstein's conformal theories of gravity. In the symmetric phase, these two solutions are physically equivalent, because the theory is invariant under conformal transformations and the two metrics in Eqs. (3) and (5) only differ by the conformal factor. In the broken phase, different conformal factors produce different observable effects. Here we want to study the metrics in Eqs. (3) and (5) as the two prototypes of a regular and a singular black hole solution, respectively, but there is not specific reason to choose them and not others.
The content of the paper is as follows. In Section II, we prove the regularity or singularity of the rescaled spacetimes. In Section III, we study the geodesic motion in these spacetimes, focusing our attention to equatorial circular orbits. In Section IV, we check the possible existence of a Carter-like constant. In Section V, we calculate the radiative efficiency of a putative thin accretion disk around these black holes as a function of L, obtaining a constraint on the value of L. Finally, in Section VI, we study the possibility of "destroying" the event horizon of these black holes by overspinning the object. With our set-up, we are not able to destroy the event horizon of the regular black holes, while we can in the case of the singular black holes. Our conclusions are reported in Section VII. Throughout the paper, we employ geometrized units in which G N = c = 1 and adopt a metric with signature (− + ++).
II. GEODESIC COMPLETION (INCOMPLETION)
Generally speaking, spacetime singularities are regions of a spacetime with some pathological properties. In this section, we check the geodesic completion/incompletion of photon orbits in the spacetimes with the line elements in Eqs. (3) and (5) . The geodesic completion for time-like and null geodesics for the metric in Eq. (3) was already proven in Ref. [11] , but it is convenient to summarize here to see the difference with the solution in Eq. (5). We confirm that the solution in Eq. (3) is regular, because photon can never reach the black hole center with a finite value of the affine parameter, while we find that the solution in Eq. (5) is singular.
number. As discussed in Section VI, within our study we find that we can destroy the black hole for n odd and we cannot for n even. To simplify the calculations, we chose 3, but the same qualitative results should hold for other odd numbers.
A. Regular black hole spacetime
Let us first study the solution in Eq. (3), which can be derived from the Kerr metric after imposing the following rescaling factor
Note that the Kretschmann scalar of the solution in Eq. (3) has the form
where x = cos θ and n is an integer number. This expression is everywhere regular for L = 0; that is,K never diverges. For L = 0, we recover the well-known result of the Kerr metric in which the Kretschmann scalar diverges when r → 0 for θ = π/2. In order to study the geodesic completion of the spacetime, we proceed as follows. The spacetime is stationary and axisymmetric, which leads to have the following two Killing vectors
and the following conserved quantities
For photons, the conservation of mass readŝ
where we used the notationẋ µ = u µ . From Eqs. (9) and (10), we can writeṫ andφ in terms of e, , and the metric coefficientṡ
If we plug these expressions ofṫ andφ into Eq. (11), we obtain
For simplicity, now we restrict the attention to the motion in the equatorial plane, θ = π/2 andθ = 0, with vanishing angular momentum, = 0 (which does not mean vanishing angular frequency forĝ φt = 0). Eq. (13) becomesĝ
For a rescaled Kerr metric in Boyer-Lindquist coordinates, namelyĝ µν = S g 
where r s = 2M . This expression can be integrated by parts to obtain the affine parameter λ(r)
where r in is the initial value of the radial coordinate and the minus sign in front of the integral is because we are considering a photons moving from larger to smaller radii. Panels (a) and (b) in Fig. 1 show, for two particular cases for S in Eq. (6), that λ → +∞ as r → 0; that is, the spacetime is geodesically complete because null geodesics never reach the center at r = 0.
B. Singular black hole spacetime
Let us now move to the spacetime described by the line element in Eq. (5). The metric can be derived from the Kerr solution with the following rescaling factor
The Kretschmann scalar of this spacetime has the form
where m is an integer number, and is singular when r = √ L 2 − a 2 cos 2 θ; that is, there is a singular surface with a finite value of the radial coordinate.
We can proceed as in the previous case and study the null geodesics in the equatorial plane with vanishing angular momentum. Panels (c) and (d) in Fig. 1 show, for two particular cases, that λ remains finite for r → L. The spacetime is geodesically incomplete.
III. EQUATORIAL CIRCULAR ORBITS
In this section, we study the geodesics in the equatorial plane for the two black hole solutions and for different values of L. Equatorial circular orbits are of particular interest because they are the orbits of the particles of the gas in thin accretion disks around a black hole [12, 13] .
The geodesic motion of a (massive) test-particle in a spacetime with metric g µν is governed by the Lagrangian
where˙= d/dτ and τ is the particle proper time. Let us consider a stationary and axisymmetric spacetime whose line element can be written in the following form
with the metric coefficients independent of the coordinates t and φ. Since the metric is independent of the coordinates t and φ, we have two constants of motion, namely the specific energy at infinity E and the axial component of the specific angular momentum at infinity L z :
With the conservation of the rest-mass, g µνẋ µẋν = −1, we can write the equation
where the effective potential V eff is given by
Circular orbits in the equatorial plane are located at the zeros and the turning points of the effective potential 3 :ṙ =θ = 0, which implies V eff = 0, andr =θ = 0, requiring, respectively, ∂ r V eff = 0 and ∂ θ V eff = 0. From these conditions, one can obtain the angular velocity Ω, E, and L z of the test-particle
(26)
where the "+" sign is for corotating orbits and the " − " sign for counterrotating ones. E and L z diverge when their denominator vanishes. This happens at the radius of the so-called photon orbit The radius of the marginally bound orbit r mb is defined by
The orbit is marginally bound, which means that the test-particle has the sufficient energy to escape to infinity. The radius of the marginally stable orbit r ms , more often called the ISCO radius r ISCO , is defined by
Note that the photon orbit is independent of the rescaling factor S, and therefore our black hole solutions have the same photon orbits as in the Kerr metric for the same M and a [14] 
On the contrary, the radius of the marginally bound orbit r mb and the ISCO radius r ISCO do depend on the scaling factor and L. Fig. 2 show r mb and r ISCO as a function of the black hole spin for different values of L.
In the Kerr metric in Boyer-Lindquist coordinates, the radius of the event horizon is defined by the larger root of g rr = 0, which is equivalent to ∆ = 0, and is
Since null trajectories are independent of the scaling factor, the event horizon in our regular and singular black hole spacetimes is still given by Eq. (32). It is well-known that in the Kerr metric in BoyerLindquist coordinates r H , r γ , r mb , r ISCO → M
for a → M . However, this is an artifact of the BoyerLindquist coordinates, which are ill-defined at the event horizon, and these radii do not coincide [14] . In our regular and singular black hole spacetimes, for a → M we have still that r H , r γ → M , because r H and r γ are the same as in the Kerr metric. However, the proper distance between r H and r γ depends on L and it is thus different from the result in the Kerr solution. For the regular solution, for a → M the proper distance between r H and r γ becomes
For the singular solution, we find
IV.
CARTER-LIKE CONSTANT
In general, the motion of a test-particle in a stationary and axisymmetric spacetime is characterized by three constants of motion: the particle mass, the energy, and the axial component of the angular momentum. The Kerr metric is a Petrov type D spacetime, and therefore we can find a forth constant of motion, the so-called Carter constant [15] . In certain coordinate systems, the presence of the Carter constant can simplify the calculations by separating the equations of motion [16] .
The Hamilton-Jacobi equation for the geodesic motion of a test-particle is
where S is the Hamilton's principle function. The Kerr metric in Boyer-Lindquist coordinates is given by
where 
We look for a solution of the Hamilton-Jacobi equation of the following form
where δ = −1 for massive particles and δ = 0 for photons. S r and S θ are, respectively, functions of r and θ only. Eq. (38) becomes
(40) which can be rewritten as
(41) In Eq. (41), the left hand side depends on r only, while the right hand side depends on θ only. So they must be separately equal to a constant Q. This is the socalled Carter constant. For the regular black hole solution, Eq. (41) becomes For the singular one, Eq. (41) becomes
(43) From Eq. (42) and Eq. (43), we see that in both spacetimes there is a Carter-like constant only when L = 0 for massive particles, while for photons we have always a Carter-like constant.
V. RADIATIVE EFFICIENCY
Geometrically thin accretion disks around black holes are normally described by the Novikov-Thorne model [17] . The accretion process can be approximated as follows (see, e.g., [12] and references therein for more details). The particles of the accreting gas slowly fall onto the central black hole by losing energy and angular momentum. When they reach the ISCO radius, they quickly plunge onto the black hole without emitting additional radiation. In general, the total power of the accretion process is L acc = ηṀ c 2 , where η = η r + η k is the total efficiency, η r is the radiative efficiency, and η k is the fraction of gravitational energy converted to kinetic energy of jets or outflows. The Novikov-Thorne model assumes that η k is negligible, and therefore the radiative efficiency of a Novikov-Thorne accretion disk is
where E ISCO is the energy per unit rest-mass of the gas at the ISCO radius. Fig. 3 shows the Novikov-Thorne radiative efficiency η NT as a function of the spin parameter for different values of the parameter L in regular and singular black hole spacetimes. It is interesting to note that the maximum radiative efficiency decreases as the value of the parameter L increases for the regular spacetimes, and we have the opposite behavior for the singular ones. Since astronomical data suggest that η NT > 0.10 is a conservative bound at least for some black holes [18] [19] [20] , we can obtain the observational constraint L/M 1.3 for the regular black hole solutions. Such a very qualitative bound is consistent with the constraint L/M < 1.2 obtained from the iron line in [21] . In [22] , we derived the constraint L/M < 0.45 from the analysis of the full reflection spectrum of the supermassive black hole in 1H0707-495, but the conformal factor studied was slightly different.
VI. DESTROYING THE EVENT HORIZON
The weak cosmic censorship conjecture asserts that the singularities produced in a gravitational collapse must be hidden behind an event horizon and cannot be seen by observers in the flat faraway region [23] . This is a conjecture and there is no proof, neither in Einstein's gravity nor in alternative theories of gravity. Several authors have studied the possibility of "destroying"
4 the event horizon of a black holes in order to create a naked singularity and find a violation of the weak cosmic censorship conjecture [24] [25] [26] [27] [28] . However, till now the conjecture seems to be correct. A different situation was discussed in Ref. [29] , where it was shown that it is possible to destroy a singularity-free black hole. This is not a counterexample of the weak cosmic censorship conjecture because the destruction of the event horizon does not lead to any naked singularity.
Here, we want to study the possibility of destroying the event horizon in our regular and singular black hole spacetimes. As pointed out before, the event horizon of these metrics is the same as in the Kerr solution and the critical value of the spin parameter separating black hole spacetimes and horizonless spacetimes is a crit * = 1. We consider an accreting black hole from a thin accretion disk [30] . The equilibrium value of the spin parameter can be evaluated as follows [31] . The disk is in the equatorial plane and the disk's gas moves on nearly geodesic circular orbits. The gas loses energy and angular momentum and thus falls onto the central objects. When it reaches the ISCO, it plunges onto the massive body. If the gas is absorbed by the compact object, with no further emission of radiation, the compact object changes its mass by δM = ISCO δm and its spin angular momentum by δJ = λ ISCO δm, where ISCO and λ ISCO are, respectively, the specific energy and the specific angular momentum of the gas particle at the ISCO, while δm is the gas rest-mass. The evolution of the spin parameter turns out to be governed by the following equation [32] 
When da * /d ln M > 0 , the accretion process spins the black hole up. When da * /d ln M < 0, the black hole is spun down. The equilibrium spin parameter is thus the one for which da * /d ln M = 0 [31] .
In Fig. 4 , we show da * /d ln M as a function of the spin parameter a * for L from 0 to 1.2 in the case of the regular (a) and singular (b) spacetimes. The value of the equilibrium spin parameter is lower than 1 for regular black holes, and decreases as L increases. We have also tried other regular rescaled metrics with different conformal factors, finding the same result.
For the singular black hole spacetimes, we find that the equilibrium spin parameter is greater than 1 when L/M > 1. Note that for these spacetimes the singularity at r = L becomes naked as soon as r H < L, which happens before a * > 1. In this sense, panel (b) in Fig. 4 has to be interpreted as the evidence that we can create a naked singularity when L/M > 1, not that we can create configurations with spin a * > 1, because once there is a naked singularity we do not really have the accretion process under control. Even for the singular black hole spacetimes we have tried other singular rescaled metrics. It turns out that, at least with our set-up of an accretion disk spinning the central object up, we can destroy the black hole only when the exponent in 1 − L 2 /Σ is odd, while we fail when the exponent is an even number.
VII. CONCLUDING REMARKS
In the present paper, we have studied some general properties of two families of black hole spacetimes conformally equivalent to the Kerr solution. One of them was found in [11] and is regular everywhere, both in the sense it is geodesically complete and curvature scalars never diverge. The second spacetime introduced in this paper is singular, both in the sense it is geodesically incomplete and curvature scalars diverge. Together with the mass M and the spin angular momentum J, these spacetimes are characterized by the presence of the parameter L, and for L = 0 we exactly recover the Kerr solution.
We have studied the geodesic motion in these spacetimes, in particular equatorial circular orbits as their properties have more direct observational implications for astrophysical black holes accreting from thin disks. We have calculated the expected Novikov-Thorne radiative efficiency of a putative accretion disk around a similar black hole. Imposing the (conservative) observational constraint η NT > 0.1, we find that L/M < 1.3 for the regular black hole spacetimes while there is no constraint for the singular ones.
Lastly, we have studied the possibility of "destroying" the event horizon in these spacetimes by overspinning the black hole with the matter in the accretion disk. Within our set-up we are unable to destroy the event horizon in the regular solutions, while we succeed in our attempt in the case of the singular ones (at least when the exponent in the conformal factor is odd). We may interpret our result either as the fact the cosmic censorship conjecture does not hold in the broken phase of conformally invariant theories of gravity or as the fact the cosmic censorship conjecture serves as a selection criterion to choose a "good" vacuum when the conformal symmetry gets broken.
